Let us now consider the attenuation of radiance in the case of sunlight in the ocean. We not only have attenuation of the radiance as it travels from one location  EQ \o(→,x)1 to another,  EQ \o(→,x)2, but light from other directions can be scattered into the direction specified by the two locations  EQ \o(→,x)1 and  EQ \o(→,x)2 . We therefore need to quantify this process. In general we can specify a direction by (,) , where  is the solar zenith angle and  the azimuthal angle in a given reference frame. If we look at the rate of change of L, along a path r in the direction (,), due to scattered light entering the beam, we would expect this increase to be proportional to the radiance coming from another direction (’,’) multiplied by a small solid angle d, to get the energy per unit area perpendicular to the incoming beam. Thus, dL/dr  Ld. We now define a proportionality function, the volume scattering function, with units of m-1sr-1 to relate dL/dr to Ld . Clearly this function depends on location, the incoming direction, and the outgoing direction; it is designated by  EQ \o(→,x),’’

dL( EQ \o(→,x),,)/dr =  EQ \o(→,x),’’ L( EQ \o(→,x),’’)d.

This is the rate of increase of radiance in direction (,) at location  EQ \o(→,x), with wavelength not explicitly specified, due to scattered light from direction (’,’), with the same location and wavelength. Clearly there can be light coming from all directions (’’), we thus need to integrate over all these directions (there are 4 steradians in a sphere) to get the total amount of radiance that is scattered from all directions into (,) :

dL( EQ \o(→,x),,)/dr =  EQ \i(0,4p,)  EQ \o(→,x),’’ L( EQ \o(→,x),’’)d’.

   
 (1)

We thus have found the rate of increase in the radiance along a path due to scattering. Earlier, we had found the rate of decrease due to attenuation. We combine these two, losses due to attenuation and gains due to scattering to get:

   dL( EQ \o(→,x),,)/dr = -c( EQ \o(→,x),) L( EQ \o(→,x),,) +  EQ \i(0,4p,)  EQ \o(→,x),’’ L( EQ \o(→,x),’’)d’.   (2)

This is the equation of radiative transfer (ERT) without internal sources such as fluorescence or Raman scattering. Many books have been written regarding solutions to 

the ERT. The classical Legendre functon solution is by Chandrasekar (1960). Other solutions are given in Preisendorfer (1965). The most common approach in Oceanography is to assume that horizontal gradients in radiance and IOP are much smaller than vertical ones, so that horizontal structure is ignored. Taking cos dr= dz , leads to: 

      cosdL(z,,)/dz = -c(z) L(z,,) +  EQ \i(0,4p,) z,’’ L(z,’’)d’.  (3)

This is the ERT for the so-called plane parallel assumption without internal sources and is widely applied. Discussions on various solutions to this equation can be found in Mobley (1994) and Thomas and Stamnes(1999). Mobley’s numerical solution is commercially available (Hydrolight, Sequoia, Inc.) and is widely used. In the surface zone of the ocean, in the presence of waves, the plane parallel assumption is incorrect, however (e.g. Zaneveld et al., 2001), as it is in the atmosphere in the presence of clouds. In fact, waves form a formidable obstacle to the correct measurement of components for, and the verification of, solutions and inversions of the ERT. If we think of the light field at a given location as being made up of all radiances at that location, we can readily surmise that due to refraction at the surface the light field in the presence of waves is not the same as that for a flat surface. Horizontal variations in the light field occur on the scales of the smallest capillary waves which have wavelengths on the order of a cm to length scales of hundreds of meters for open ocean swell. We can horizontally average Eq.(2), leading to
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where D is an appropriate length scale. We can write an equivalent ERT (and use numerical solutions) for a horizontally averaged light field →,x) EQ \o(¯¯                , L(,,)  )
that is the equivalent of Eq. (3), only if c( EQ \o(→,x)) and  EQ \o(→,x),’’are constant horizontally over the length scale D:
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(5)

Note that the attenuation and scattering parameters can now be functions of depth only. While it is likely that the attenuation and scattering properties are constant over a few cm, this is highly unlikely over hundreds of meters.  It will be necessary to make a number of small scale transects of the inherent optical properties and radiance distribution in the ocean to properly assess the error due to the plane parallel assumption in different oceanic regimes. 

The bottom can be included in equations such as the above. In that case one treats the bottom as a special case of scattering function  EQ \o(→,x),’’in which all downward values are infinite. What one is left with is the bi-directional reflectance distribution function, the BRDF  Voss et al., 2000, Zhang et al., 2003). The BRDF describes the transfer of radiance from a downwelling direction to an upwelling direction, where the amount of radiance transferred is a function of both the incoming and scattered directions. A common assumption for the directional scattering of the bottom is the Lambertian. In that case the scattered radiance is independent of direction. 

To include fluorescence or Raman effects, source terms must be added to the ERT. This poses no particular problem for numerical methods, such as Hydrolight. Thus fluorescence by phytoplankton pigments such as chlorophyll and phycoerythrin can be accommodated, in addition to Raman scattering which influences the radiance intensity (Marshall and Smith, 1990).

We have thus seen that plane parallel programs such as Hydrolight can be used in a horizontally average sense for the radiance, provided the IOP are constant horizontally. Refractive effects due to waves can then be included in an average sense. If one wants to investigate small scale effects of the full three dimensional ERT Eq.(2) one can use so-called Monte Carlo methods. Reviews are provided in Mobley (1994) and Thomas and Stamnes (1999). 

The ERT provides a link between the radiance distribution and the IOP. In principle, if the radiance distribution at the boundary and the IOP are known, we can solve for the radiances in the interior. The radiance distribution is difficult to measure although it has been done (Smith et al, 1970, Voss, 1989, Voss et al., 2003 ). Similarly the volume scattering function is difficult to measure underwater in its entirety, although again, a few examples exist (Petzold, 1972, Lee and Lewis, 2003). Integration over the radiance distribution provides links between more readily measured parameters as we shall see below.

Gershun’s Equation

Integrated parameters are usually easier to measure as they contain fewer variables. If in Eq.(3) we assume the IOP to be homogeneous and we integrate over all directions, we obtain:
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    (6)

The above leads us to define the following radiometric quantities:

E(z) = [ EQ \i(0,4p,) cosL(z,,)dand

E0(z) = [ EQ \i(0,4p,) L(z,,)d

The first quantity, E(z), is called the plane irradiance, because it is a measure of the flux of energy through a plane perpendicular to the z –direction. Its units are W/m2. Note that it consists of the difference between the downwelling planar irradiance, Ed(z) and the upwelling plane irradiance, Eu(z), which represent the weighted integration over the upper ()and lower hemisphere () respectively. The second quantity, E0(z), called the scalar irradiance, measures the total energy flux through a point. Its units are W/m2. Inserting these quantities into Eq. (6) leads to:

dE(z)/dz = -c(z) E0(z) + b(z) E0(z)




  

  (7)

This is Gershun’s equation. The attenuation coefficient c is the sum of the scattering and absorption coefficients,( units m-1) so that Eq.(7) can be rewritten as:

dE(z)/dz = -a(z) E0(z)






   
  (8)

This provides an interesting link between the radiometric quantities (based on radiance) and the IOP. Let us define a diffuse attenuation coefficient, units of m-1, similar to the beam attenuation coefficient:

K(z) = - dE(z)/ E(z)dz, so that

E(z) = E(0)exp[-  EQ \i(0,z,) K(z)dz]





  
  (9a)

Similar attenuation coefficients can be defined for the radiances:

k(z,)) = - d L(z,,)/ L(z,,) dz, and

L(z,,) = L(0,,)exp[-  EQ \i(0,z,) k(z,,)dz]




  
  (9b)

The similarity of the definition of K(z) and k(z,,) to the inherent optical property, beam attenuation coefficient, leads us to call parameters such as K(z), apparent optical properties (AOP, see section 5.2). These AOP are differential properties of the light field that are used to indicate the rate of change of radiometric properties with depth. Substitution of Eq. (9a) into (8) leads to:

 EQ \f(a(z),K(z)) =  EQ \f(E(z), Eo(z)) =  EQ \o(¯,m)(z)






   (10)

The quantity  EQ \o(¯,m)(z) is called the average cosine (dimensionless) of the light field. This name follows from the definitions of E(z) and E0(z). The average cosine is a useful concept as it connects the IOP a(z) with the AOP K(z). In the case of optical remote sensing it is reasonable to assume that the light field above the sea surface is dominated by the sun. The light field in the ocean tends to be oriented nearly vertically since the maximum intensity is due to the refracted image of the sun, and refraction reduces the solar zenith angle in water compared to that in air.. The average cosine thus tends to vary in a narrow range of values from 0.7 to 0.9 An interesting aspect of the average cosine is that it converges to an asymptotic value  EQ \o(¯,m)∞ (Preisendorfer,1976, Højerslev and Zaneveld, 1977 ), that is a function of the IOP only. That is, as one goes down into the ocean the light field reaches a constant shape, and the absolute values of the radiances decrease exponentially with a coefficient of K∞, the asymptotic diffuse attenuation coefficient, which is an IOP, since its value is independent of the radiance distribution at the surface. Zaneveld (1989) and Berwald et al. (1995) have provided functional dependencies of  EQ \o(¯,m)∞ on the IOP in terms of o (the single scattering albedo = b/c, dimensionless). 

